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Abstract 

We classify N = 1 orbifolds on the root lattice and investigate explicit model 
constructions on the Z3 x Z3 orbifold in heterotic string theory. Interestingly some of the 
twisted sectors from the Z3 x Z3 orbifold on the Eq root lattice have just three fixed tori 
respectively, and generate three degenerate massless states. We also found three point 
functions with flavor mixing terms. We assume only non-standard gauge embeddings 
and find that they lead to three-family SU{b) and S'O(IO) GUT-like models. These 
models also include strongly coupled sectors in the low energy and messenger states 
charged with both hidden and visible sectors. 
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1 Introduction 



Superstring theory is one of the most promising candidates for a unified theory. To estab- 
hsh a connection between superstring theory in (i = 10 and an effective theory in d = 4, 
it is important to understand the geometries of six-dimensional compact spaces. Com- 
pactification on Calabi-Yau three-folds gives A/" = 1 models [1-4], but they allow explicit 
calculations only in a limited number of cases, and realistic model building is still difficult. 
An orbifold can be interpreted as a special case of a Calabi-Yau manifold, and orbifold 
compactifications of heterotic string theory [5,6] are simple enough to allow investigation 
of phenomenological properties, such as the Yukawa coupling and selection rules of the su- 
perpotential. Many three-family supersymmetric models, which are based on the abelian 
discrete groups Z^v and Z^v x Zm, have been constructed [7-26]. The Yukawa couplings 
can be determined with world sheet instanton techniques, and they depend on the geom- 
etry of the target space. Due to restrictions from the coupling selection rules, it is often 
difficult to obtain realistic mass matrices with flavor mixing terms. These orbifold models 
are classified by use of Coxeter elements, which are subgroups of the Weyl group of Lie 
algebra [27-29]. For the Z^r x Zjv/ orbifold models constructed to this time, the compact 
spaces are factorizable to x x T^. Recently, an Eg x Eg heterotic orbifold on a non- 
factorizable torus has been investigated [30-33jl|. It is observed that the selection rules 
for three-point functions are changed non-trivially in these orbifolds [32], and numbers of 
generations are reduced. Thus, there are possibilities to construct more realistic models 
with flavor mixing terms and fewer extra matter fields. In Ref . [33] , we classified orbifolds 
on non-factorizable tori according to the Weyl reflections and outer automorphisms of Lie 
root lattices, except orbifolds on the Eq root lattice. In this paper, we give all the allowed 
orbifolds on the Eq root lattice, which lead to A/" = 1 supersymmetric models, and com- 
plete the classification of the orbifolds on the Lie root lattices. A non-factorizable torus on 
the Eq lattice is highly symmetric from the six-dimensional viewpoint. A torus on the Eq 
lattice allows the Z3 x Z3 orbifold, and, interestingly, it contains twisted sectors locahzed 
at the three fixed tori. Fot this reason, models based on it can naturally lead to three 
generations of matter. In addition, we investigate the general structure of the interactions 
of the orbifold, and find that some interactions allow flavor mixing terms, where world 
sheet instantons on the Z3 x Z3 orbifolds generate three-point functions with exponentially 
suppressed factors [48]. 

In Section 2 we explain the details of an orbifold on the Eq root lattice. Section 3 gives 
examples of three-family GUT-like models and general consideration of the three-point 
interactions. 

^Application to non-factorizable orbifolds for TypellA models is also possible (see Refs. [34] and [35]). 
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Qfi az as aA as 

Figure 1: Extended Eq diagram 

2 Orbifolds on an Eq root lattice 

We compactify six dimensions to a torus in order to construct four dimensional models, 
is obtained by compactifying on a lattice A: 

= MVA. (1) 

Points in differing by a lattice vector L G A are identified as x ~ x + L. An orbifold 
is defined to be the quotient of a torus over a discrete set of the isometries of the torus, 
called the point group P, i.e. 

o = ryp = mys. (2) 

Here, S is called the space group, and it is the semidirect product of the point group P 
and the translation group. We consider the cases which A is generated from the Eq root 
lattice!^ 

For a Lie group of rank /, the Lie root lattice is given by 



I, i=i 



riiailrii G Z > , (3) 



where is a simple root. The point group of an orbifold must be automorphic of the lattice. 
The automorphisms of the Lie root lattice can be generated by the Weyl reflections and 
the outer automorphisms. The Weyl group W is generated by the Weyl reflections: 

n:X^X-2^^ak. (4) 

The point group, 6 and 0, of a Zjv x Zm orbifold on a Lie root lattice can be defined 
by two commutative elements from the Weyl group and the outer automorphisms Gout, 



^Heterotic orbifolds on Lie root lattices (A„, i3„, C„, Z3„, F4 and G2) are classified in Ref. [33]. The 
orbifolds on Lie root lattices would be generic toroidal orbifold in six dimensions, because the other lattices 
could be realized by continuous deformation of geometric moduli of orbifolds on the Lie root lattices. 
There are interesting coincidence between the non-factorizable models and the factorizable models with 
generalized discrete torsion [36]. 
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i.e. 9, (p ^ {W, Gout}- We consider the case in which A is the Eq root lattice whose basis 
vectors are given by the simple root^ 

«i = (1,0,0,0,0,0), 
«2 = 1^-^,^,0,0,0,0 

«4 = ^0,0,-i,^,0,0 
a, = (0,0,1,0,0,0), 

«6 = ^0,0,0,0, . (5) 

Then we define the Eq torus T^^ = M.^/Aeq- This may seem somewhat a little complicated. 
However from the viewpoint of six dimensions, it is a highly symmetric space, as we will 
see. We define the root 

ao = —ai — 2a2 — Sa^ — 2^4 — 0:5 — 2aQ (6) 
= (0,0,0,0,1,0). 

This root and the simple roots form the Eq extended Dynkin diagram (see figure [I]). 

The Weyl groups of simple Lie algebras and their conjugacy classes are classified in 
Ref. [47]. We also take account of the outer automorphisms of Eq. Due to the symmetry 
of the Dynkin diagram, it has the Z2 symmetry 

g2 : ai ^ 05, 02 ^ "4, ^ "i, i = 3, 6, 0. (7) 

Note that this action is not included in the Weyl group of Eq. One can show that the group 
which is generated from the Weyl group and g2, i.e. {W, (72}, is equivalent to {W, —1} [46], 
where —1 acts as 

— 1 : Oi ^ —C(i, z = 0, 1, ■ ■ ■ , 6. (8) 

There exist the other outer automorphisms in the extended Eq diagram. We define one of 
the elements by 

g'2 : 05 ^ ao, 0(4 ^ OiQ, Oi —^ai, i = 1, 2, 3. (9) 

Because the product of the action g2g2 is the Z3 element of the automorphism of the 
extended Eq diagram, we see that g2 and g2 generate all of the outer automorphisms of 



■^Note that despite the fact that normally the lengths of the simple roots are \/2, here they have length 
1 for simplicity. 
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Table 1: The allowed ahelian orbifolds on the Eq lattice, which preserve M = 1 super- 
symmetry. Here, Eq is the label of the Coxeter element of the Eq lattice, and EQ{a2) and 
D4^{al) are the elements of the Carter diagrams [47]. The generators of the x 
orbifolds are given in the main text and in the appendix. 



Orbifold 


generators 


X 






Z3 


{EqY or rir2r4r5r6ro 


72 


36 





Z4 


-1 X D^{al) 


48 


25 


1 


Ze-I 


{EqY or E6(a2) 


48 


25 


1 


Ze-II 


rir2r3r4r5ro 


48 


31 


7 




Eq = rir2r3r4r5r6 


48 


25 


1 


Z2 X Z2 




24 


15 


3 


Z2 X Z4 




48 


27 


3 


Z3 X Z3 




72 


36 






Eq. The Weyl group of Eq is generated from all the simple roots of the algebra, and it is 
given by 

W = {ri |2 = 1,-- - ,6} = {ri |i = 2,3,4,5,6,0}. (10) 
This implies that {W, (72} = {VV, (72} = and we conclude that 

{W,(72,^72} = W-l}. (11) 

From the conjugacy classes of the Weyl groups [47] and the element —1, we can obtain all 
the M = 1 orbifolds on the Eq torus from the automorphism {W, —1} in Table [2l The 
Z12-I orbifolds on the Eq lattice have been known in string theory [27-29]. However, we 
observe that for the other orbifolds on the Eq lattice, there are orbifolds with the same 
Euler numbers and Hodge numbers on different lattices [33], except the Z3 x Z3 orbifold. 
This Z3 X Z3 orbifold has interesting properties for string model construction, and we 
concentrate on this orbifold in this paper. 

We give the point group elements of the Z3 x Z3 orbifold as follows: 

9 = rir2r4r5, 

= r^r^rQVo. (12) 

They act on the simple roots as 



6 : «! — a2, OL2 — ^ —0L\ — 02, 0:3 ^ «! + ^2 + «3 + «4, 

04 — > ^5, as — —04 — as, (Xq — >■ c^o ~^ cto^ (13) 

(/) : ai ^ ai, 0:2 0:2, 0:3 — > 0:3 + 04 + 05 + ag, 

04 — —04 — as, as — > a4, ag — >■ ao, ao — > — ag — ao. (14) 
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Using the complex coordinates Zi = X2i-i + ix2i-, with i = 1,2, 3, we can rewrite the point 
group action as 



0: Zi^e^^'-^Zi, t;= (1,-1,0), 

(o,i-l)' (15) 



Zi e^''™'^,-, w 



where v and w are the shift vectors of the point group. These shifts project out six 
components of the spinor, and leave two chiral spinors, | ± (|, \, \, \)), invariant. After the 
GSO projection, M = 1 supersymmetry is unbroken in four dimensions. 

The orbifold action leaves sets of points invariant; i.e., these points differ from their 
orbifold images only by a shift of the torus lattice A. For the action of 9, or Oip, these 
sets appear as two-dimensional fixed tori. All the tori fixed by the action of 9 are given by 

(0,0,0,0,x,i/), (^0,-^,0,0,x,i/^, (^0,0,0,-^,x,|/^ , (16) 

where x, ?/ G M. We can confirm the number of fixed tori using the Lefschetz fixed point 
theorem [49]. The number of fixed tori (#FT) under the action of 6 is 

vol((l-0)A) , , 

#FT = — ^^-^ — in\ 

where N is the lattice normal to the sub-lattice invariant under the action. Then we have 
T^FT = 3 for the 6'-twisted sector. Note that by the shift of the Eq root lattice the following 
tori are identified: 

(0, 0, 0, 0, X, y) ~ (0, 0, 0, 0, x, y) - «3 ^ (o, ^, 0, ^, x, . (18) 

This nontrivial structure leads to a smaller number of fixed tori than for the Z3 x Z3 
orbifold on the f actor izable torus x x T^. 

For the action of 6(f)'^, 27 fixed points are invariant. Generally, the numbers of fixed 
points are the same for non-factorizable and factorizable orbifolds. However, in the orbifold 
on the Eq torus, some of the 6'0^ fixed points are not invariant under the action of 6 and 
(f), and the states of their linear combinations are left under the projections. By explicit 
calculation, we have 15 states, which are invariant under 6 and 0, and 6 states with a phase 
of e^'^*/^ and e~^'^*/^ under these actions, respectively (see Table IXUl) . 



3 Z3 X Z3 orbifold models on an Eq torus 
3.1 Gauge embeddings 

Heterotic orbifold models must satisfy some consistency conditions required by modular 
invariance. Modular invariance guarantees anomaly cancellation in the low energy theory 
[37]. To satisfy these conditions, we must generally embed the shifts in the compact space. 
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Table 2: The gauge shifts of a x Z3 orbifold and the correspondent gauge groups from 



Shifts v 


Gauge Group 


(f,0^),(f,0^),(|M,0) 


50(14) X f/(l) 




X [/(I) 


(iM'0')>(r>o^) 


^6 X SU{3) 


V3 '3' Ve 'G^' 


SU{9) 



V and w, into the gauge shifts, V and [5-7]. This condition is described as the level 
matching condition as follows: 

N'[{kV + IWf - {kv + Iwf] = mod 2, 
A; = 0,--- ,iV-l, / = 0,---,M-l, (19) 

where A^' is the order of the twist 6''^0'. By inclusion of two gauge embeddingsjll the gauge 
group Eg can be broken into the GUT gauge groups [40], but not to SU{3) x SU{2) x f/(l). 

The number of 6''^0'-twisted states [14] is given by 

^ iV-lA/-l 

D{9^ct}) = ^ E E e^'^-"^x(^V', )A(fc, /; t, .), (20) 

where x is the number of the points left simultaneously fixed by O^ip^ and O^ip'^. If O^ip^ 
leaves some of the coordinates unrotated, x must be calculated using only the sub-lattice 
that is rotated. The quantity A(A;, /; t, s) is a state-dependent phase, given by 

A(/c, /; t, s) = P^^'^^ exp{2m[{p + kV + lW){tV + sW) - {q + kv + lw){tv + sw)] 

-\{{kV + lW){tV + sW) - {kv + lw){tv + su;))}, (21) 

where pC^'') represents the contribution of the oscillators, p is the momentum of the -Eg x E'^ 
gauge sectors, and q is the H-momentum of the twisted states. Modular invariance for the 
Zat X Zm orbifold is satisfied by the conditions ( !20l) and ( fT9l) . 

3.2 Discrete Wilson line 

If we implement Wilson lines as the background in the compact space, we can break the 
gauge group of the models further and have a smaller number of generations of matter. 
Discrete Wilson lines are defined by the embedding of the shifts in a six dimensional torus 

''Some relations concerning shifts and Dynkin diagrams are investigated in Refs. [38] and [39]. 
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into the gauge degrees of freedom as 

6 6 

J2ha^^J2^iai, / = 1,---,16, (22) 
1=1 1=1 

where /j G M depends on the location of the fixed points, and af E AesxE'^ ^ Wilson line. 
In the untwisted sector, the states that are invariant under the action of the Wilson lines 
survive, and this leads to breaking of the gauge group. In the twisted sectors, the numbers 
of degenerate states are reduced, because the Wilson lines distinguish the fixed points and 
tori. 

For the Z3 x Z3 orbifold, the shifts of the torus lattice are identified as 6ai = a2, 
6a4 = 0:5 and (pa^ = ao- This means that for the Wilson lines, we have 

a{ = 4, ai = Og, ttg = ag. (23) 

Moreover, in the ^-twisted sector on the Eq torus, the fixed tori that have different shifts 
are identical: 

(0, 0, 0, X, - (0, ^, 0, 0, X, . (24) 
We can read the shifts under the action of 6 from the following: 

(1-9) (0, 0, 0, X, = (0, 0, 0, X, + a4 + as, 
(1 - 9) (0, ^, 0, 0, X, = (0, ^, 0, 0, X, + ai + a2. (25) 
It follows that the relation for the Wilson lines is 

al + = a{ + 03, (26) 

For a shift 03, we have a Wilson line a^, from the definition of aQ. From fl23p and (1261) we 
have only one independent Wilson line, = af , z = 0, 1, ■ ■ ■ , 6, for the Eq torus. This 
implies that the orbifold on the Eq torus is highly symmetric space. 

When we include a Wilson line, the degeneracy of the fixed tori is reduced from 3 to 
1, and that of the fixed points of the 6'(/)^-sector is reduced from 27 to 9. It seems that a 
Wilson line breaks the three-family structure of the orbifold, and for this reason we do not 
include Wilson lines in this paper. At first sight it seems that the number of states on the 
27 fixed points is too large for a low energy spectrum. However we see below that for some 
non-standard gauge embeddings, the 6'0^-twisted sector contains only hidden sector states 
and singlets. Thus we realize three-family structure states from fixed tori. 

3.3 A model with the standard embeddings 

First, we consider an Eg x E'^ heterotic orbifold model obtained from a Z3 x Z3 orbifold 
on the Eq torus with the standard embeddings. The shift vectors that act on the gauge 
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sector Eg x E'^ are given by 

v={l-lO) ^ \/= 0,0, 0,0, 0,0) (0,0, 0,0, 0,0, 0,0), 

w = (0, 1 -I) ^ W = (0, |, -|, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0, 0, 0) . (27) 

Thus, the level matching condition ( fT9l) is trivially satisfied in the standard embedding. 
This corresponds to embedding the spin connection in the gauge connection. 

By counting the fixed points and tori, we easily find the spectrum of this model. The 
gauge group is broken to 

Eg X U{lf X Eg. (28) 

There are the twisted sectors 

B\ </)^ ^0, ^V', H\ (29) 

or A, A, 5, i?, C, (7, respectively. These states are distinguished by their H-momenta 
(listed in Tables 4 and 5). There are also three untwisted sector states, t/i, f/2 and t/s. The 
H-momenta of their bosonic states are q\ = (0, 1, 0, 0), g2 = (0, 0, 1, 0) and = (0, 0, 0, 1) 
respectively. Then, the matter content of the model is 

Ui, f/2, f/3: 3 X 27, A: 3x 27, B: 3 x 27, C: 3 x 27, 
D: 15 X 27, A: 3 x 27, B: 3 x 27, C: 3 x 27, 

and singlets. Thus, we have 36 generations of matter. This number coincides with half of 
the Euler number x of this orbifold [5,6], where x = 4,]=oXe,<j>- Because the generation 
number of the Z3 x Z3 orbifold model on the factorizable torus is 84, we find that the 
generation number is decreased in the non-factorizable model. 



3.4 An 50(10) GUT-like model 

We have seen that the Z3 x Z3 orbifold on the Eq torus has the phenomenologically inter- 
esting feature that it has three fixed tori in the 6, and 6'(/)-twisted sectors, respectively. 
Here we present an example of models with the 5*0(10) GUT group. Our example is very 
simple: the E^ x E'^ heterotic string from the Z3 x Z3 orbifold on the Eq torus with the 
gauge embeddings 

^ " h I °' °' °' °' °) [h h °' °' °' °' °' ° 

W = (^-|o,0,0,0,0,0,0^ Q, 0,^,^,^,0, 0,0^ . (30) 

The surviving gauge group in four dimensions is 

SO(IO) X SU{2) X f/(l)2 X [SU{7) X ^7(1)^]'. (31) 
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Table 3: All of the massless chiral states of the 50(10) x SU{2) x U{lf x [SU{J) x U{lf]' 
model. The entries for the representations are given as No.x (Repts.)Q-^^^Q^^Q^^Q^. 





untwisted sector 


twisted sector 






representation 




representation 




representation 


visible 


T T 

Us 


(16, 1)3,6,0,0 


A 


3(16, l)-l,-2,4,2 


B 


3(10, l)-2,0,-2,-8 


sector 


T T 

U2 


(lo, l)-3,6,0,0 


/T 

A 


3(10, l)_2,-4,-4,-2 


JJ 


^l-L, -^j2,-6,2,8 




T T 

Ui 


l-LU, ^jo,6,0,0 


/T 

A 


Jl-L, -^^-2, 2,-4,-2 


Lj 


"JI-L, ■^j2,2,6,-4 




TT 
U2 


l-L, ■^J6,6,0,0 












TT 


l-L, ■^J-6,6,0,0 










messenger 


T T 


■1 

-■-0,-12,0,0 




-2,-2,0,-2 


L> 


^' X -1-0,4,8,18 


sector 


TT 


-1-0,0,12,6 




X 14,4,6,10 


n 

LJ 


10 X ±0,-8,2,-6 








A 


3 X 1_4,4,4,2 


B 


3 X 1-4,0,2,8 








A 


3 X 1_4,4,_8,_4 






hidden 


Us 


(3^)0,0,0,-6 


B 


3('^)-4,0,2,-4 


D 


6('^)o,4,-4,0 


sector 


Ui 


(21)0,0,6,0 


C 


3(7)'4 _4 0,2 


D 


6(7)'o,4,2,6 




U2 


('^)o,0,-6,-12 










U3 


(''')o,0,0,12 












U2 


('^)o,0,-6,6 











The U{1) directions are 

Qi = 6(1,0,0,0,0,0,0,0)(0«), 

Q2 = 6(0,1,-1,0,0,0,0,0)(0«), 

Q3 = 6(0«)(1, 1,0, 0,0, 0,0,0), 

Q4 = 6(0«)(1, 0,1, 1,1, 0,0,0), (32) 

and the linear combination Qa = "iQi — 2Q2 — Q3 + 3(^4 is anomalous. The matter content 
is 

3 X (16, 1) + vector-like. (33) 

Then we have the three-family matter of the S'0( 10) GUT model. We also have Higgs 
states, (10, 1), but no adjoint Higgs (see Table EUl). 

We observe that in the 6'0-twisted sector, three states charged with both the visible and 
hidden sectors appear. We call these states the messenger sector, because these messenger 
states have the potential to mediate the SUSY-breaking effect through the strong dynamics 
of the hidden sector. The running coupling of SU (7)' at the scale fi is 



If all the (7) and (7) generate large mass terms, we have —6 = 8 for SU (7)'. The confining 
scale is defined as the scale /i where a'{fi) = 1. If we have Mqut = 2 x 10^^ and O-'qut ~ 



M, 



GUT 



/i 



(34) 
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1/25, the hidden sector scale is estimated as 



bidden ~ 1.3 X lO^GeV. (35) 

This leads to confinement and gaugino condensation. The hidden sector of this model may 
cause gauge-mediated SUSY breaking [22,42-45]. 

3.5 An SU{^) GUT-like model 

We also construct an SU (5) model. We choose the gauge embedding^ 

f 1 1 2\ / 11 

V = (0,0,0,0,0,-,-,-J f 0,0,0,0,0,0,-,- 
/11115555^/211 \ 

The gauge group of this model is 

SUih) X SU{2)l X SU{2)r X U{lf x [SU{Q) x SU{?>) x t/(l)]'. (37) 
The U{1) directions are 

Qi = 3(0,0,0,-l,l,2,0,0)(0^), 
Q2 = 3(0,0,0,0,0,2,-l,l)(0S), 

= 3(08)(0, 0,0, 0,0, 0,1,1), (38) 

and the linear combination Qa = SQi — 3(^2 + '^Qz is anomalous. 

We have totally three chiral 10s and 5s of 5*0(10), which correspond to the spectrum 
of the Standard Model. Then, the states (5, 1, 1) and (5, 1, 1) have just the quantum 
numbers of the Higgs (see Table 13.51) . 

By counting the hidden sector states charged with SU{Q)\ if pairs of 6 and 6 generate 
large mass terms, we have —h = 10 for SU{6y. The confining scale is estimated as 

^hidden ~ 5.6 X lO^GeV. (39) 

This value is compatible with the hidden sector scale of the SUSY-breaking mediation 
scenario. 



3.6 Three-point functions 

Finally, we consider the Yukawa couplings of the Z3 x Z3 orbifold on the Eq torus. To 
determine the allowed interactions, we should take account of H-momentum conservation 
and the space group selection rule. In order to determine the general structure of the 
interactions of the orbifold, we ignore its gauge groups in the following. The constraint 
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Table 4: All of the massless chiral states of the SU{5) x SU{2)l x SU{2)r x U{iy x 



[SU{6) X SU{3) X f/(l)]' model. The entries for the representations are given as 
No.x(Repts.)Q,,Q^,Q^. 





untwisted sector 


twisted sector 






representation 




representation 




representation 


visible 


U2 


(5, 1, 1)0,-6,0 


A 


3(10, 1, l)-2,0,-2 


A 


3(1, 1,2)2,3,-4 


sector 


T T 

Us 


(5, 1, 1)6,0,0 


A 


3(5, 1, l)-4,0,2 


A 


3(1, 1,2)2,3,2 




T T 

U2 


(10, 1, 2)0,3,0 


A 

A 


<3(1, 2, 1)5,0,2 


A 


3(1, 1, 2)_2,-3,-2 




TT 
U3 


(if\ 1 ^ 
(lU, 2, lj-3,0,0 












TT 


(^O, 1, ^J-6,-3,0 












TL 


\yO, -•-J3,6,0 












Ui 


(I5 2, 2)3__3_o 












U2 


(1) 2, l)-9,-6,0 












Us 


(1) 1) 2)5,9,0 










messenger 


Ui 


lo,0,-6 


B 


3(l,2,l)(l,3)'2,4,o 


c 


3(l,2,l)(6,l):3,.2,.i 


sector 






B 


3(l,l,2)(l,3):4,.,,o 


A 


3 X 1_4,_6,2 


hidden 


Ui 


(20, i);,,o,3 


D 


15(6, 1)^2,2,-1 


C 


3(1, 3)'6,-4,-2 


sector 


Us 


(15,^3)q Q Q 


D 


6(1, 3):2,2,2 








U2 


(6) 3)0 0,-3 











obtained here is common to all models, for any gauge embeddings of the Z3 x Z3 orbifold 
on the torus. 

We identify the individual states in each twisted sector, A, A, 5, 5, C, C and D, by 
its space group. For example, in the 6'-twisted sector (labeled ^4), we can assign a state 
which is localized at fe a space group element (^, t). Here, I is the shift of the state, defined 

by 

1^{\-Q)f, (mod (1 - ^)A), (40) 

where we have / G A, by definition. The space group corresponds to the boundary condition 
of the closed string as X(27r) = [Q, 0^(0) = ^^X(0) + L Therefore, the boundary conditions 
for the string interaction of three twisted state is 

= ei929sX{0) + h + eil2 + 9i92h. (41) 
Then, we have the space group selection rules 

0i929s = I, 

h + e.k + 9i92ls = 0. (42) 

^It may seem that this shift can be reduced to a more simple form by adding lattice vectors. However, 
this generally leads to a different model. This freedom with regard to shift vectors is related to the discrete 
torsions [36]. 
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Table 5: The H-momenta of the bosonic states, the coordinates, and the shifts of the 6, 
and 6(j)-sectors. 







location 


shift 






location 


shift 


9-sectoT 




(0,0,0,0,x,i/) 





0^-sector 




(0,0,0,0,x,y) 





1(0,1,2,0) 


Ai 


{0,0,0, j^,x,y) 


a 


1(0,2,1,0) 


Ai 


{0,j^,0,0,x,y) 


a 






(0,^,0,0,x,i/) 


—a 




A2 


(0,0,0,^,x,i/) 


—a 


0-sector 


Bo 


{x,y, 0,0,0,0) 





</)^-sector 


Bo 


{x,y, 0,0,0,0) 





1(0,0,1,2) 




{x,y, 0,0,0, j^) 


a 


1(0,0,2,1) 


Bi 


(x,i/, 0,^,0,0) 


a 




B2 


(a;, 0,^,0,0) 


—a 




B2 


(x,i/, 0,0,0,^) 


—a 


^0-sector 


Co 


(0,0,x,y,0,0) 





6'^0^-sector 


Co 


{0,0,x,y,0,0) 





1(0,1,0,2) 




(0,0,x,y,0,^) 


a 


1(0,2,0,1) 


Ci 


iO,j^,x,y,0,0) 


a 




C2 


(0,^,x,y,0,0) 


—a 




C2 


{0,0,x,y,0,j^) 


—a 



We call the former equation the point group selection rule. Because the shifts are defined 
up to the sublattice (1 — 6)A, the latter condition simplifies to 

3 

li + l2 + h = (mod ^(1 -^i)A). (43) 

i=l 

Actually, these are the conditions required for non-zero correlation functions. The three- 
point interactions consistent with the point group selection rule and the H-momentum 
conservation [8,28,29] are 

U1U2US, UsAA, UiBB, U2CC, DDD, 

ABD, ACD, BCD, ABC, ABC, (44) 

where Ui, U2 and f/3 are untwisted sector states. We should also take account of the 
constraint from fHHl) . 

First, we consider the coupling of ABD. The sum of the sublattices generated by the 
action of ^, and 6(j)'^ is 

(1 - e)A + (1 - 0)A + (1 - ^02)A 

= {ai — a2, 0L2 — Ci4, a4 — as, 04 — a^, — ao, 802}, (45) 

Therefore, in the space group selection rule of ABD, we can identify 

a = «! = 0^2 = 0^4 = as = ag = ao, 3a = 3a^ ~ 0, (46) 

up to sublattices. The last identity is obtained from the definition of ao- However, we have 
a 7^ as. The space group elements of the three states in the 6*- twisted sector are given by 
{6, 0), {6, a), {6, —a), respectively, and this is similar for the and 6'0-sectors. The shifts 
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Table 6: The coordinates and the shifts of the 27 states in the 9 (j)^ -sector. The H-momentum 
is |(0, 1, 1, 2) for all states. In this table, we use abbreviations in the coordinates as follows: 

+ = (73' 0)' - = (-73' 0)' « = (I'O)' ^ = (-I'iTs) = (-I'-iTs)- 

symbols indicate that the quantity in question is —1 times that without the bar, i.e., a = —a. 

For example we have the coordinate (a, 6, c) = (|) O5 "l^ ^:^) ~^^)- Note that under 

the identification of Ocf)^ , we observe (a, a, a) = {b,b,b) = (c, c, c), etc. 





location 


shift 




location 


shift 




location 


shift 


Doo 


(0,0,0) 





Doi 


(-,+,0) 


a2 — a4 


D02 


(+,-,0) 


— a2 — a4 


Dio 


(-,0,0) 


^2 


Du 


(o,-,o) 


a4 


Dl2 


(0,0,-) 


— a2 — a4 


D20 


(+,0,0) 




D21 


(0,+,0) 


— a4 


D22 


(0,0,+) 


a2+a4 


D'oo 


(a, a, a) 




D'oi 


(a, 6, c) 


—as + a2 — a4 


D'o2 


(a, c, b) 


—as — a2 + a4 


D'm 


(6, a, a) 


-as + a2 


D'n 


(a, 6, a) 


—as + a4 




(a, a, b) 


—as — a2 — a4 


D20 


(c, a, a) 


—as — a2 


D'21 


(a, c, a) 


—as — a4 


D'22 


(a, a, c) 


—as + a2 + a4 


D'oo 


(a, a, a) 


as 


d" 


(a,6,c) 




d" 

^02 


(a, c, 6) 


as — «2 + "4 


D'[o 


(b, a, a) 


as + a2 


d" 


(a, 6, a) 


as + a4 


d" 

^12 


(a, a, 6) 


as — a2 — a4 


Dlo 


(c, a, a) 


aa — a2 


d" 


(a, c, a) 


as — a4 


d" 

^22 


(a, a, c) 


03 + "2 + Cii 



and the coordinates of these states are listed in Table 13.61 and the states in the ^0^-sectors 
are listed in Table I3.6[ According to the space group selection rule, ABD couplings are 
allowed for D states with no as shift, that is Dij, i,j = 0, 1, 2. Couplings with D^j and D^^j 
are forbidden. Then, in the interactions of ABC, the coupling 

AB.Dki, i+j + k = (mod 3), / = 0, 1, 2, (47) 

can take non-zero values. The interaction is allowed for any /, and such interactions do not 
appear in factorizable orbifold models. In this sence, ABD couplings include nontrivial 
structure^. The same is true for the couplings of ACD and BCD. This interaction is 
generated because three fixed points of D are on the same fixed tori of A or B. Some 
of these are not contact interactions, and are generated by the effect of the world sheet 
instanton [29]. Then, the couplings of the three-point interactions are suppressed by the 
instanton effect e. The suppression factor is related to the distances between the three 
associated fixed points, and the dominant contribution is from the instanton effects on the 
minimum of this distance. Taking this into consideration, we can estimate the coupling 
of the three-point functions. Suppose that Bj and D21 are interpreted as the three-family 
matter states and Ai is the Higgs Hi {i = 0,1,2). Then, the following interactions are 
allowed, 

AoB,D2i, AiBoD2i, A2B2D21, / = 0,1,2. (48) 
^We observed similar phenomena in Z2 x Z2 orbifolds on non- factorizable lattices [32]. 
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Then the Yukawa matrix is 



/ Hi eHi eHi \ 
Y = \ sHo eHo , (49) 

\ eH2 H2 eH2 ) 

with an order 1 factor from quantum corrections. Thus, in this case, we can reahze the 
Yukawa matrix with mixing. It is also notable that three-generation structure naturally 
arises in the x Z3 orbifold on the Eq torus. 

Next, we consider the couplings of ABC. The sum of the sublattices 

(1 - ^)A + (1 - 0)A + (1 - 00)A 

= {«! — 0:2, Ci2 ~ CiAi CiA ~ Ct4 ~ OLq, ttg ~ CiOi "^(^2] (50) 

is the same as in fl45p . and therefore we can use the relations fl46p in this case. Then, the 
coupling 

A,BjCk, i + i + k = {) (mod 3), (51) 

can take non-zero values. Assuming that Ai and Bj are the three-family matter states and 
Ck is the Higgs {k = 1, 2, 3), the Yukawa matrix is given by 

(Ho if 2 Hi \ 
H2 Hi Ho \, (52) 
Hi Ho H2 J 

with an order 1 factor from quantum corrections. These are contact interactions and are 
not suppressed by e. We have the same structures for ABC. 

Finally, we consider the interactions of DDD type. One complication in this case is 
that the fixed points in Table 13.61 are not invariant under the actions of 6 and 0. For this 
reason we should take linear combinations of these states in order to obtain eigenstates of 
the orbifold actions given by 

D'f ^ D'^, + u'd'^i + u''d'^„ 

D-' ^ D';, + uj'D';, + u;''D';,, (53) 

where u = e^'^/^' and j,k=0,l,2. The interactions allowed by the selection rule ( H3|) in terms 
of 03 are of DDD, D D D , D D D and DDD types. It is straightforward to show 
that the following self- interactions can exist: 

A,A,A„ d'^AAp d';^d';^d';., (54) 

where i,j = 0, 1,2, and we do not sum over their indices. These are contact interactions, 
and hence the couplings are order 1. There are other couplings for 

DoiDi,D2k, D'^d'Id'^, dIw"i'dI\ z + j + fc = (mod 3). (55) 
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However these are not contact interactions, and the minimum distance associated with the 
instanton effect is the same as for the interactions above. If the state Dq^ for i = 0, 1, 2 is 
Higgs, we have a Yukawa matrix (!52l) with the suppression factor e. We also have non-zero 
couplings for 

DaD'lD'l^ DaD'^Dl\ i+j + k = Q (mod 3), / = 0, 1, 2, (56) 

Here, we again observe degenerate interactions for /. These couplings are generated by 
instantons, and are suppressed by factor of e. In this case, the minimum distances for the 
instanton effect are the same for all. 

We have considered the allowed couplings from the space group selection rules here. 
We have obtained the interactions (H71) and (l56l) . and these are new structures in the non- 
factorizable orbifold models. The coupling of ABD can generate mixing terms between 
flavors. The 27 fixed states in the ^0^-sector are divided into interactions among the three 
flavors. For further model construction, there is a possibility to realize three-family states 
from this sector with flavor mixing interactions. 

4 Conclusion 

Taking consideration of the Weyl group and outer automorphisms, we classified the orb- 
ifolds on the lattice, which preserve M = 1 supersymmetry, and found Z4, Z2 x Z2, 
Z2 X Z4 and Z3 X Z3 orbifolds are allowed. The Euler numbers and Hodge numbers of these 
orbifolds are listed in Table [21 

In particular we considered the heterotic string models on the Z3 x Z3 orbifold on 
the torus in detail, because the Z3 x Z3 orbifold includes three fixed tori in the 6', 
and 6'0-twisted sectors, respectively, and easily leads to three-family spectra. Such 
a six-dimensional orbifold with three degenerate fixed tori (or points), which leads to 
M = 1 models, was not previously known. We gave examples of A/" = 1 three-family 
models from the Z3 x Z3 orbifold on the Eq torus. Our assumption is quite simple, i.e. 
compactification on the orbifold with two gauge embeddings in the models. We found 
that these constructions lead to simple spectra, owing to the small number of fixed tori. 
The models have strongly coupled sectors in the low energy and messenger-like states 
charged with both the hidden and visible sector gauge groups. In order to have these 
strongly coupled sectors, the number of flavors should be sufficiently small. Whereas 
there are often too many massless states in heterotic orbifold models, the numbers of 
twisted states on non-factorizable orbifolds can be smaller by factors of two or three than 
those of the corresponding factorizable orbifold. However we have less freedom regarding 
the moduli space. These facts imply that this Eq orbifold is quite symmetric from the 
viewpoint of the six-dimensional space, and such a symmetric space is natural for a compact 
space. The phenomenological problem of the GUT-like models is that they do not include 
adjoint Higgs that cause GUT group breaking. This is a notorious obstacle for the level 
k = 1 construction of heterotic strings. In this paper, we consider models with no Wilson 
lines, because it seems that Wilson lines break the structure of the degenerate three fixed 
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tori. However, the inclusion of Wilson lines may lead to other three-family models whose 
families are generated from different twisted sectors. If we introduce continuous Wilson 
lines [9, 12, 16, 17], we may be able to realize models with rank-reduced gauge groups. 

We also considered the general properties of the three-point interactions allowed by 
the space group selection rules. To this time, it has only been showed that non-prime 
Ztv orbifolds, where N is not a prime number, can generate flavor mixing terms at the 
tree level. We found that the selection rules for three-point interactions of the world sheet 
instanton effect differ from those for the factorizable model, and this leads to non-trivial 
structures of the mass matrices. For example, 27 states in the ^0^-sector are divided into 
3 flavors with respect to their interactions, and we observe three-family interactions with 
mixing. Such a structure of the interactions can generate texture, in other words, hidden 
symmetries of the mass matrices. 
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Appendix 

Ztv X Orbifolds on the Eq Lattice 

Here, we give explicit representations for the Z^r x Z^/ orbifolds on the Eq lattice listed in 
Table [2 

• Z2 X Z2 orbifold 

For the Z2 x Z2 orbifold, it would be convenient to use the following basis for the Eq 
lattice: 

«i = (1,-1,0,0,0,0), 
a2 = (0,1,-1,0,0,0), 
as = (0,0, 1,-1, 0,0), 
a4 = (0,0,0,1,-1,0), 
as = (0,0,0,1,1,0), 

_ f _1 _1 _1 1 1 _V3 
~ 1 ~2' ~2' ~2' 2' 2' 2~ 

The point group elements are given by 

e = diag(-l, -1,-1, -1,1,1), 

= diag(l, 1,-1, -1,-1,-1), (58) 
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and the Euler number and Hodge numbers are given in Table [21 We can also employ 
a different representation in the same conjugacy class, given by 



e 



-Irira, 
-Irero- 



(59) 



This leads to the same result. 



• Z2 X Z4 orbifold 

The point group elements of the Z2 x Z4 orbifold are given by 



e 



/ -1 000\ 

1 

1 

-10 

1 

\ 1 / 



diag(l, 1,-1, -1,-1,-1), 



(60) 



in the basis flSTj) . and the Euler number and Hodge numbers are given in Table [2j 

• Z3 X Z3 orbifold 

This orbifold is explained in detail in the main text. 
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